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Abstract: UAVs or Drones are aircraft with no onboard pilot to control the flight. They are introduced in a few categories
such as single-rotor, multi-rotors, fixed-wing, and hybrid VTOL. As for multirotor drones, quadcopters are the most well-
known either commercially or in the research field. Due to its advantages, a quadcopter has been chosen to perform various
tasks across various fields such as entertainment, military, meteorological reconnaissance, civil and emergency responses. As
the demand for quadcopters has diverged, the required features of quadcopters have also diverged. One of the current features
required by quadcopters is the ability to track trajectories. However, due to its nature of non-linearity, under-actuated and
unstable, controlling quadcopter for an accurate and stable performance is quite a challenge. Despite the various proposed
methods throughout the past decades, PID controller is still used as either the main controller or the base controller in most
cases of industrial control, including quadcopter, mainly due to its simplicity and robustness. However, to design a proper PID
controller for quadcopter system is a challenge as it defies the control inputs of four with its six degree-of-freedom form, in
which six inputs are required to be controlled to ensure a stable and accurate flight. This paper derived a mathematically model
of a quadcopter with Newton-Euler’s equation. Some assumptions on the body and structure of the quadcopter are taken into
account to make the modelling possible. Then, a manually tuned PID controller is designed to achieve the objective of
controlling the operation and stability of the quadcopter during its flight. The designed controller is tested with five different
trajectories which are circular, square, lemniscate, zigzag, and spiral. The results show the proposed controller successfully
tracks the desired trajectories, which prove PID controller can be used to control a quadcopter.

Keywords: PID Controller, Quadcopter, Trajectory Tracking, UAV

© 2023 Penerbit UTM Press. All rights reserved
Article History: received 12 March 2023; accepted 12 July 2023, published 28 August 2023.

1. INTRODUCTION perform various tasks such as surveying, mapping,
Drones are another word used to address unmanned aerial photography, videography, daily patrolling, and rescue
vehicles (UAVs). Drone is an English term for the operations [2-9]. Most tasks may expose the quadcopter
humming sound emitted by male honeybees while flying, with. 1imit§d t.ime to implement. measures or decision-
and the term is adopted by UAVs, as it produces a similar making situations. Thus, tracking the trajectory has
sound during its flight [1]. Drone requires no human pilot become one of the requirements during the completion of
on board, as it either can fly autonomously or can be the task .[5’8]- o
controlled via radio wave [2]. The drone is categorised as Despite the possessed advantages of quadcopter, it is
single-rotor drone, multirotor drone, fixed-wing drone, and naturally a device with non-linearity, unstable, and
hybrid vertical take-off and landing (VTOL). Multi-rotors generally underactgated. jfhe;se characteristics contribute
drone’s constructions are divided according to its frame to the challenges in designing a system to control the
constructions of the arms and rotors, the basic element of operation and stability of a quadcopter in different
a drone. There are bicopters for two-engine drones, environments and situations [4,5,8,10]. Some controlling
tricopters for three-engine drones, quadcopters for four- methods have been proposed in the past Qecades, including
engine drones, hexacopters for six-engine drones, and PID controller, LQR controller, H-infinity controller, and
octocopters for eight-engine drones [2,3]. other metaheuristic methods such as sliding mode,
Among the types of multi-rotors, quadcopter is the most backstepping and generic algorithm. Due to its simplicity
innovative and actively used across various field to and robustness, PID controller has been one of the mostly
perform various tasks. Quadcopter possesses advantages used controller in industrial control actions, including the
such as cost-friendly, ease to maintain, simple mechanical quadcop'Fer. ‘ .
structure, can adapt to more complex flight environment, In articles [11-17], PID controller is used as the main
accessibility and highly manoeuvrable, performing VTOL co.n.troller for quadcopte.r system. In [.1 1], PID contr.oller is
and hover flight [4-6]. The quadcopter has been chosen to utilized to track the attitude and altitude under different
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conditions. The parameters are tuned with Ziegler-
Nichols’ method. Meanwhile, in [10,12] PID parameters
are tuned with manual tuning, where several trial-and-error
are required to achieve the best performance. Both works
concluded that the targets successfully achieved, yet the
parameter setting still need re-adjustment every time the
target values is changed. Other than that, PID controller is
also utilised as the base controller for some metaheuristic
methods. For example, in [5,7,18], the PID controller
parameters are tuned with fuzzy logic method. In order to
adopt the method, the system of quadcopter is built with
PID controller beforehand. Thus, the proper values of
gains of PID controller are required in the works.

However, controlling a quadcopter with PID to fly it
with stability and accuracy for tracking tasks become a
challenge as there are six variables involved to be
controlled, correspond to the six degree-of-freedom of
quadcopter in which contradict to only four control inputs
[18].

With objective to control the operation and stability of
the quadcopter during its flight in tracking trajectories, this
paper aims to model the quadcopter and design a PID
controller system with manual tuning method as the base
controlling system of quadcopter. The contributions of this
works are summarized as follows:

1. A mathematical model of the quadcopter is
designed based on Newton-Euler’s.

2. A PID controller is designed to achieve the
stabilization and track the trajectories of
circular, square, lemniscate, zigzag, and spiral.

3. A base control system of quadcopter is
designed to be used as the primary model for
intelligent and adaptive methods.

This paper is organized into five sections. Section 2
deliberately explains the structure of the quadcopter and
the derivation of the dynamics model. Section 3 shows the
design of the PID controller for altitude, attitude, and
position tracking. Section 4 shows the results and a
discussion of the trajectories tracking simulations. Section
5 conclude the works and all section of this paper.

2. QUADCOPTER MODELLING

The quadcopter is equipped with four arms and rotors. The
most common arrangements of quadcopter are
symmetrical cross (x) or plus (+). The positions and
rotations of the quadcopter are represented by six variables
of the six degrees of freedom. A cross (x) quadcopter
mathematical model is derived in this paper. This section
includes the description of the structure, the dynamic
model derivation, and the parameters of quadcopter.

2.1 Quadcopter Structure

Figure 1 shows an illustration of the cross (x) quadcopter.
The rotors are running in different pairs' directions to
eliminate the anti-torque effects and produce translational
and rotational movement; thus rotor 1 and rotor 2 are
running in counter-clockwise direction, while rotor 3 and
rotor 4 are running in clockwise direction [7,10].
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Figure 1: The structure of cross (x) quadcopter.

The motions and movements of the quadcopter are
produced by the lifting force generated by the rotating
rotors [10]. In order to simplify the mathematical model of
the quadcopter, several assumptions are made as follows
[7]:

1. The quadcopter is assumed to be a rigid body.

2. The structure of assumed to be asymmetrical
with respect to x, y axis. Therefore, the degree-
of-freedom of plus (+) structure can be used for
cross (X) structure.

3. The center of the mass and the origin of the body
fixed frame coincide.

4. The rotors are considered as rigid, no blade
flapping occurs.

5. The rotors work under the same conditions at
any time, in which the thrust coefficient and
reaction torque are the same.

A motion is initiated by producing difference in the

lift by manipulating the rotor velocity. The motions of the
quadcopter are summarised in Table 1 [10].

Table 1: The motion of the cross (x) quadcopter.

Motion Rotors Velocity Manipulation
Hovering Same speed for all rotors
Rolling Rotors 1&4, or Rotors 2&3
Pitching Rotors 1&3, or Rotors 2&4
Yawing Rotors 1&2, or Rotors 3&4

2.2 Quadcopter’s Dynamic

Figure 2 shows the body-fixed frame and earth-fixed frame
of the quadcopter, where the body fixed frame, O = {Xp,
Yo, Zo} and the earth-fixed frame, E = {Xg Yr Zg! and
their relationship is satisfied as {Q}T = RT x {E}T[7].
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Figure 2: The frame of body-fixed and earth-fixed of
quadcopter.

The absolute positions of the quadcopter are represented
by (x, y, z) and the orientations are, respectively, described
by roll (¢), pitch (8) and yaw (). Based on Figure 2, the
quadcopter model is divided into position relative to
inertial frame, & (1) and quadcopter attitude, 1 (2).

=[x ¥ Z]"eR? (1
n=1[p 6 P]'eR® 2

The elementary rotations about the x, y, and z axes are
defined using Euler angles. The final orientation with
respect to the corresponding inertial axis, inertial
trigonometric functions, and their representations is shown
in Figure 3 [12]. R¢p (3) is a single rotation of roll, ¢ radius
around x axis, RO (4) is a single rotation of pitch, 6 radius
around y axis and Ry (5) is a single rotation of yaw, i
around z axis.

Pitch, 8

7 X sing '

Figure 3: Elementary rotation of a quadcopter.

1 0 0
R¢ = lo C¢ _S¢l (3)
0 s¢p cop
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From (3-5), the rotation matrix of the body frame
relative to the inertial frame is obtained (6).

clcyp spsOcy — cpsyp  cpsbcy + spsyp
Ry = |cOsyY  s¢psOsy + cpcy  cpsOsyp — S(l)Cl/Jl
—s6 s¢pch cpch
Q)

Newton-Euler’s is used to derive the dynamic of
quadcopter as the model is assumed to be a rigid body. The
translation of the dynamic of the quadcopter is described
in (7).

"
mé=m M = —mgE, + UR+E, (7)
z

The gravitational coefficient, g is defined in negative
state as the direction of z-axis is upward. The z-axis vector
matrix, E, = [0 0 1]7 whereas U; is the total thrust
force generated by four rotors and satisfied as U; =
Y 1-4 F; [8]. The final equation of (7) is then formulated as

(3).
0
_ [0
g

Figure 4 shows the simulation blocks of translational
dynamics of quadcopter, based on equation (8).

cpsOsy — spcyp
cpco

i cpsOcy + spsy
i
Z

x_dotdot

xdotdot

ydotdot

cos
z_dotdot
— X
cos N
* a
™

2zdotdot

9

Figure 4: The Simulink blocks of translational dynamics.

The rotational subsystem of the quadcopter dynamic is
described in (10). The moment of inertia, I is defined as
I = diagonal [I,,1,,1,,]" as it is a 3-by-3 diagonal
matrix, the rotor inertia, J, = —Qq + Q, — Q3 + Q,, the
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total rotor speed, (); generated from rotors, working in two
pairs. U,,U; and U, are the total torque related to
quadcopter [7]. Equation (9) is finalised as in (10) and the
control inputs are renamed as in (11).

Ii=—-nxIn—J,0%XE)+[U; Us U™ (9)

Ixxd; (Iyy - Izz)lpé - (Jrﬂd)g + LU,
Iyye = (Izz_lxx)¢¢+(Jer)¢+lU3 (10)
Izzl/) (Ixx - Iyy)9¢ + U4
Uy b b b b Qg
Ul _|-b b b —b||Q3
Us| = |-b b b b |03 (i
U, d d —-d —-d _Qi

Based on equation (10), the model of rotational dynamics
is modelled in Simulink as shown in Figure 5, and the rotor
speed calculation block is modelled as in Figure 6 based
on equation (11).

$-dotdot
w2 )
Jr
od ()
adot ()
idotdot
wdot ()
1yy-l_zz
B-dotdot
us )
Jrt
gdot {
(-, Bdotdot
x I,W
|_2z - |_xx v—
_dotdot
wu D T
L S
> wdotdot

Figure 5: The Simulink blocks of rotational dynamic of
quadcopter.
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Figure 6: The Simulink blocks of rotor speed calculation.

2.3 Quadcopter Parameters

The parameters used for the quadcopter model are listed in
Table 2.
Table 2: Quadcopter parameters.

Parameter Unit Value
Quadrotor mass,m kg 0.800
Lateral moment arm,l m 0.300
Thrust coefficient,b Ns? 1.9232x10°
Drag coefficient,d Nms? | 4.003 x107

kgm? | 0.01567
kgm? | 0.01567
kgm? | 0.02834
g/s® |9.81
kgm? | 6.01x107

Rolling moment of inertia, /.
Pitching moment of inertia, [,

Yawing moment of inertia,/,,
Gravity,g
Rotor Inertia,J,

3. PID CONTROLLER DESIGN

In order to ensure the quadcopter can work and conduct
assigned tasks properly, a controller is required to be
implemented to the system. This paper design and simulate
a PID controller to control all dynamic variables of the
quadcopter, which are x, y, z, ¢, 8, and 1. Figure 7 shows
the general block diagram of the PID control system.

error, | lﬂ measured
o) > PID Contraller I (Quadcopter Plant I-W

desired attiude
measure attiude & altitude

& altitude A
(#a:8a. Pa- za)
(@m Om, Pm, Zm)

Figure 7: Block diagram of PID control.

The PID controller is applied mainly in process control
and industry, where it can be claimed to be one of the most
favourable controllers, with a usage rate of more than 95%
[13]. The advantage of PID is that it is easy to implement
and tune. For the quadcopter, the PID controller is used to
adjust the speed of all the rotors to achieve the desired
orientation of the quadcopter. The PID controller worked
as the corrector of the difference between the desired set-
point and the measured output.

3.1 Controller Design

The error of the system, e(t) is defined in (12) and u; is
the control input, while PID controller output relation,
xq4(t) is defined in (13), and x(t) is the present state or
measured value [7 — 21]. Figure 8 shows the simulation
blocks of PID controller.
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t de(t)
u(t) = Kye(t) +K; f, e(t)dt + Kd% (12)
e(t) = xq(t) — x(t) (13)
PID Controller =
4 >
setpoint ‘
( ) P
" - p » L >
C o> s U
measured o ki
> > 2 >
kd L

Figure 8: The Simulink blocks of PID Controller.

From equation (12), the K, is proportional gain, K; is
integral grain and K is derivative gain. To determine the
value of each gain, manual adjustment, which is a trial-
and-error method, is applied according to the steps listed
below [12]:

1. The gains of kp, ki and kd are initially set to
Zero.

2. The value of kp is increased until the oscillation
is fully or nearly sustained. It is recommended to
use a high simulation stop time.

3. The value of kd is increased slightly to reduce
the oscillation to only 1 period. To simplify the
tuning process, it is recommended to run the
simulation at a lower stop time.

4. The value of ki is increased until the steady state
settled around the setpoint with only one
oscillation left around the setpoint.

Each increment made to the values of gains affect the
output performance. Table 3 summarized the effects of

manual tuning applied to the gains value [16].

Table 3: Effects of increasing values of PID gains.

Parameter ky ki ka
OoverShOOt Increase Increase Reduce
(%0)
Rise time Slight
©) Reduce Reduce Changes
Settling Slight
e (5 Changes Increase Reduce
Steads. Theoretical
it yrr . | Reduce Eliminate | ly No
state erro Effect

N Improved
Stability Degrade Degrade (small ky)

3.1.1 Altitude Controller

The altitude is represented by z and is described in (8). To
initiate a movement of quadcopter along z-axis, thrust
force must be generated by all four rotors. U is the control
input for altitude, and the PID controller for altitude is
derived as in (14).

Uip,p = kie(t), + k7 [ e(t),dt + kje(t), (14)
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e(t) = z4(t) — z(t) (15)

3.1.2 Attitude Controller

The derivation of the attitude PID controller is formulated
as in (16). U, is the control input of roll, ¢, U; is the control
input of pitch, 8 and U, is the control input of yaw, Y. n is

(¢,60,9).

Uzsapp = kbe(t)n + kI [ e(D)ndt + kjé(t), (16)

e(t)n = nq(t) —n(t) (17)

3.1.3 Position Controller

To realize trajectory tracking of quadcopter, a
manipulation of x and y positions need to be made with the
roll, ¢ and pitch, 8 angles as x and y positions cannot be
controlled with U; [17]. Quadcopter operates at hovering
position which make the angle of roll and pitch are small-
angle values. Therefore, the dynamics equations of the x
and y positions are simplified based on the small angle
assumptions (S¢g = ¢y, SO; = 04, cpyg = cO,; = 1).
Thus, equations (18) and (19) are manipulated to derive
equation of PID controller for positions (20)

¥ = U1(Slll¢;:l+ﬂ/19d) (18)
j = w (19)
¥l _w[s¢y cp][da

[y] = [—ap s [ed] (20)
¢q = (ux51/)d - uyapd) (21)
0a = (urctq + uyspy) (22)

¢4 is the desired roll, and 6y is the desired pitch. u, and
u,, are inputs control signal which both are then designed
to be used in PID controller. Equation (23) is the final PID
equation for position control. v is (x,y). Figure 9 shows
the blocks of simulation for position PID control.

Uy = kpe(®)y + k7 [e(®),dt + kze(t), — (23)

X-PID controller

J?

Figure 9: The Simulink block for the position PID
controller.
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Based on the illustration of PID controller of quadcopter
in Figure 10, the complete model of quadcopter using PID
controller is simulated as in Figure 11.

' dz
x zd_.®_&(.ﬂ_, Altitude PID —“{/dt
Controller Uy
Rotational
® ’ i Dynamics |
o | Posiion —24,Ee(©,  RollPD N [Q y

PID Controller 7,

— ‘[ ® Speed

Controller
Calculator

de.
_ba @em. pitchPD /4

Controller U3
y I 6

do
Py O vawpid a
Controller Uy

P Al RIDICORTTRG)

Dynamics

Rotor speed Calculator
Qd
=S
Translational Dynamics
Atttude ¢ Rotafional s
Controller ‘ Dynagics
&
od U2 ‘ »{U2 dotdot B >~ o

ed U3

U3 dotdot

dotdot

.
wd U4 P U4 wdotdot L. ~ e >y
3 3 s NS/
3
Y

3
383 2 m

zdotdot
xdotdot

>

|

G

[T
:

Figure 11: The Simulink blocks of PID control
quadcopter.

4. RESULT AND DISCUSSION

Based on the derived model and the designed PID
controller, simulations for quadcopter tracking are
developed in MATLAB/Simulink environment. The time
step for each simulation is set to 0.01s. Simulations of
circular, square, lemniscate, zigzag, and spiral trajectories
are carried out to test the system.

4.1 Trajectory Tracking

For trajectory tracking, the designed model and controller
are tested with five types of trajectories. In trajectories
tracking, the desired roll and desired pitch are no longer
defined as in altitude and attitude tracking. The only
defined desired values are altitude and yaw. For the five
types of trajectories, the altitude is set from the initial
value, 0 to achieve the final value, 1, while the yaw value
is set with an initial value of 0.

The desired positions, X, and y are set individually for
each type of trajectory. Table 4 listed the gains values used
for trajectories tracking.

Table 4: PID gains values for tracking trajectories.

. Position . Attitude
Gains Altitude (z
(x 7) e
K, 2.0 35.0 13.0
K; 0.3 14.5 0.5
Ky 4.0 9.0 1.5

The values of gains listed in Table 4 are obtained
through trial-and-error, according to the steps listed in
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Section 3.1. The process of trial-and-error is also called as
the manual tuning process. This process consumed several
attempts, and some time until satisfying results of
trajectories tracking are obtained. The manual tuning
method is chosen for this paper as the trials on utilizing
Ziegler-Nichols’ method resulted in failure, in which
indicate the method is not applicable with the proposed
model.

For circular trajectory, the positions are set as x; =
10sin (75t) and y, = 10cos (% t). Figure 12 shows the
output response of circular trajectory tracking. The
simulation time is set to 120s.

Desired

- o x
XY Plot I Desired
I Dutput Response

12 ==
14

S 08 ! /

0.6

" Ouput Resporse Era—— 04 -

b 02

T

Figure 12: The output response of circular trajectory.

For the square trajectory, the desired inputs of position
are set as X =[006600] for t, =
[0305085105120] and y; =[006600] for t, =
[05255580120]. The output response for square
trajectory is shown in Figure 13. The simulation time is set
to 120s.

Desired

- o x
I Desived
e 0 Dt Response
B
24 12
E
) 14
08
o
3 p i . . 06 ~~_
Xhxs |
Dutput Response - o x 04 ™~
X XY Piot
02
¢ | 0
24 | 6 —~
3 | > %
= 4N | _—
<
2 L2
oL 0 o
p

Figure ‘13: Theloutput response of square trajectory.

For the lemniscate trajectory, the desired position inputs
are set to x;, = 10sin (% t) and y; = 10cos (% t). Figure
14 shows the output response of lemniscate trajectory
tracking. The simulation time is set to 150s.

M Desied
xveu
15 o 1 Output Response

124

\ |

0o s o 5 w0 s 06
o xme )
Dutut Response - o x 04

> o 5
0 >~ _—

5~ —

-0 10

Figure 14: The output response of lemniscate tracking.
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The desired positions output for zigzag trajectory are set
as xg=[0505050505050] for t, =
[0102030405060708090 100110 120] and y4
[0123456543210] for ty =
[0102030405060708090100110 120]. The
output response is shown in Figure 15. The simulation time
is set to 120s.

Desired

o
I Qutput Resporse

1.2 _—
N
‘ 06 —
04 ﬂ/
02 ‘
0
6 \\)\ —
4 — 6
~_ o 4
2
\/(// 2
o o

Figure 15: The butput response for zigzag trajectory.

For the spiral trajectory, the altitude value is changed to
a ramp with slope of 0.5 and the desired positions desired

values are set to x; = 10sin (11O t) and y; = 10cos (11O t),
which are similar to the circular trajectory. The spiral
trajectory output is shown in Figure 16. The simulation
time is set to 120s.

I Desired
Output Response

60
50
40

30 yd

Figure 16: The output response of the spiral trajectory.
Table 5 listed the values of characteristic of the
trajectories tracking responses. These values are analyzed

used as the performance indicator of the system.

Table 5: Characteristic values of trajectories tracking.

Trajectory Overshoot Rise S@ttling
(%) time (s) Time (s)
x | 86.4453 4.5006 119.6297
Circular y | 44.9440 2.4610 119.3452
z | 0.0157 3.0721 0.4979
x | 2.6901¢° 28.9501 104.5876
Square y | 43178¢® | 3.2744e* | 79.4962
z | 0.0215 0.4989 3.0748
x | 54.9596 4.5138 149.5572
Lemniscate | y | 298.5310 | 1.3504 149.4226
z | 1.1027¢5 | 0.4979 3.0724
x | 142.6944 | 0.1163 119.7871
Zigzag y | 0.0000 2.2933¢° 118.7988
z | 0.0580 0.4971 3.0071

20

x | 86.4453 4.5008 119.6311
Spiral y | 42.8905 2.6534 119.3453
z 1.0.000 95.9987 117.60

4.2 Discussion

Based on the results obtained by simulations, the
desired setpoints for all tested trajectories are successfully
achieved by the system. Most responses recorded high
settling time for positions x and y, as it indicates that the
settling time for positions is the simulation time as the
trajectories does not settle at a certain position of x and y
unless the simulations is done. The settling time recorded
by x and y of all trajectories are showing a very close value
of the simulation time. For example, circular trajectory
tracking is simulated with 120s of simulation time, and the
settling time for position x and y of circular trajectory is
120s approximately. The same case can be observed in all
trajectories. Therefore, for performance evaluations, the
overshoot percentage and rise time can be used as the
indicator for performance evaluations.

On top of that, except for spiral trajectories, the
overshoot percentage, rise time and settling time of
altitude, z can also be used as indicator as each simulation
start with altitude of O and eventually reached and
completed the simulation in hovering at altitude of 1.

However, the settling time of the altitude should not be
taken into account for spiral trajectories, as the simulation
does not have a settling point. This is proven by the settling
time of altitude, z recorded in spiral trajectory has a value
with no big difference to the simulation time.

In general, even though the system is proven to be able
to achieve the desired setpoints, each response recorded
overshoot percentage which indicate there is overshoot
occurred in the response of the system. In addition, the
trial-and-error method requires a long time to determine
the best gains values. Therefore, a proper tuning or
intelligence techniques should be considered to improve
the performance of the responses.

5. CONCLUSION

This work aimed to derive a mathematical model of a
quadcopter and design a controller that controls the
operation and stability of a quadcopter during its flight. As
quadcopters have been used extensively in various fields,
it is important to ensure that the quadcopter has the ability
to track trajectories. PID controller is used to control the
modelled quadcopter. The responses of different
trajectories tracking simulations show the quadcopter able
to track the desired trajectories successfully with PID
controller. However, each simulation experiences an
overshoot. Each response recorded either a nonzero value
or a quite high value of overshoot percentage. Therefore,
an improvement should be made to improve the
performance of the system.
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